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This paper studies the delay-dependent consensus problem of heterogeneous multi-agent
systems over directed topology. The heterogeneous dynamics consisting of both first-order
and second-order agents with random time delay are considered. New distributed control
protocols based on the probability distribution of time delay are proposed for the leader-
following and leaderless systems. By adopting matrix theory, Lyapunov-Krasovskii
function and stochastic analysis, some less conservative conditions for the mean-square
consensus are established over directed fixed topology and switching topologies.
Moreover, the larger upper bounds of time delay are obtained. Finally, several simulations
are presented to illustrate the obtained results.

� 2020 Elsevier Inc. All rights reserved.
1. Introduction

Consensus of multi-agent systems (MASs), which aims to design proper distributed control protocols to make all agents
achieve a common value, has attracted great attention due to its wide applications [1–12]. Distributed consensus is generally
studied from the two fundamental aspects. The leader-following consensus means that the states of all agents can achieve to
that of the leader [4–7]. If there does not exist a specific leader, the study of consensus is called leaderless consensus [8–12].
They both play a crucial role in the applications of MASs.

Most studies on consensus deal with homogeneous systems, in which each agent possesses identical dynamics. However,
in practical applications, due to environmental restrictions or different task schedule, agents in the same system often have
different dynamics [12–20]. For example, in a robot football match, according to different role tasks, the forward robots and
the midfield robots are in charge of shooting, but the full back robots are responsible for the defense of the particular areas.
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Each robot in a team has a different function and different dynamics. The team is a system with mixed robots, and can be
seen as a heterogeneous multi-agent system [20]. Therefore, it is significant to investigate heterogeneous MASs, which
mainly refer to systems consisting of both first-order and second-order agents [12–17]. Zheng and Wang [13] analyzed
the consensus conditions of heterogeneous MASs over fixed and switching topologies respectively. Consensus of heteroge-
neous MASs with a leader over switching jointly-connected topologies was investigated in [14]. Guo et al. [15] studied the
mean-square consensus with communication noise. Meanwhile, for corresponding discrete-time systems, Zhao and Fei [16]
proposed two kinds of control protocols. Kim et al. [17] established sufficient conditions for the consensus with random link
failures. Linear and fractional-order heterogeneous MASs were, respectively, investigated in [18,19].

Time delay, an inevitable factor due to the limited transmission conditions, often leads to a poor performance of real sys-
tems. For example, for the vehicle–road cooperative system, a vehicle has a reaction time between receiving information
from neighbor vehicles and starting to perform tasks. If the reaction time, that is the time delay, is too long, the cooperative
control will not be achieved, and even worse, it may lead to a paralyzing of the vehicle–road cooperative system[21]. In the
traffic system, time delay may lead to errors in safe driving positioning between vehicles, which will lead to a traffic accident
[22]. Therefore, it is very important to study the delay-dependent consensus problem [23–31]. In addition, time delay gen-
erally occurs randomly under a dynamically changing environment, especially in vehicle–road cooperative systems [21] and
traffic systems [22], where some unexpected accidents may occur. However, the randomness of time delay has not been con-
sidered in the aforementioned works, which may lead to conservative results. Besides, the randomness of time delay, such as
Bernoulli distribution and Poisson distribution, can often be obtained by statistical methods. Hence, it is practical and mean-
ingful to study the consensus of MASs with probabilistic time delay [32–38]. Ma et al. [32] investigated the consensus prob-
lem of Euler–Lagrange systems with probabilistic time delay. Based on a reliable controller, the nonlinear MASs subject to
probabilistic time delay was studied in [33]. A consensus protocol for leader-following switched MASs with probabilistic
self-delays was proposed in [36]. However, as far as we know, there are no results about the mean-square consensus for
heterogeneous MASs with probabilistic time delay till now. Hence, motived by the above discussion, this paper investigates
the mean-square consensus for MASs with heterogeneous dynamics and probabilistic time delay. The main contributions of
this paper are as follows. (i) The consensus problem for heterogeneous MASs subject to probabilistic time delay is studied,
because heterogeneous dynamics and probabilistic time delay are common in real world. (ii) The consensus protocols with
probabilistic time delay are designed. (iii) By adopting Lyapunov stability theory and linear matrix inequality (LMI) method,
sufficient conditions for the leader-following and leaderless consensus are established. (iv) Based on the established criteria,
the larger upper bounds of time delay are obtained.

The rest of this paper is organized as follows. Some basic knowledge and model description are included in Section 2.
Main results are discussed in Section 3. Section 4 presents some simulations. And Section 5 gives the conclusions.

2. Preliminaries

Notations: In and 0, respectively, represent the identity matrix with dimension n and the zero matrix with proper dimen-
sion. 1n and 0n, respectively, are the one and zero column vector with dimension n. P > 0 denotes the matrix P being positive
definite, In ¼ f1;2; . . . ;ng an index set, B1 � B2 the Kronecker product of matrices B1 and B2; � the symmetric term in a sym-
metric matrix, and Efxg the mathematical expectation of x.

The network topology of n agents is modeled by a digraph G ¼ ðV; E;WÞ with the nodes set V ¼ fv1;v2; . . . ;vng, the edges
set E#V � V and the adjacency matrix W ¼ ½wij� 2 Rn�n with wii ¼ 0. ðv j;v iÞ 2 E indicates that agent i can directly receive
information from agent j. If ðv j; v iÞ 2 E;wij > 0, otherwise wij ¼ 0. The neighbor set of agent is denoted by
Ni ¼ fv j 2 Vjðv j;v iÞ 2 Eg. And the Laplacian matrix of G is denoted as L ¼ ½lij� 2 Rn�n with lij ¼ �wij for i – j and
lii ¼

Pn
j¼1;j–iwij. Particularly, L1n ¼ 0. A directed path in G is a sequence of edges ðv i;v ik1

Þ; ðv ik1
;v ik2

Þ; . . . ; ðv ikl
;v jÞ with distinct

nodes. The digraph G contains a directed spanning tree, if there always exists a directed path from one node, which is called
the root, to any other node. When node 0 as the leader agent is added, the interaction topology is described by �G. Then the
leader adjacency matrix is denoted by B ¼ diagfb1; b2; . . . ; bng 2 Rn�n with bi > 0 if the information of the leader can be
obtained by the agent i, otherwise bi ¼ 0.

Consider a system consisting of m ðm < nÞ first-order agents and n�m second-order agents. The dynamics of the first-
order agents are described as
_piðtÞ ¼ uiðtÞ; i 2 Im; ð1Þ

and the dynamics of second-order agents are expressed as
_piðtÞ ¼ qiðtÞ;
_qiðtÞ ¼ uiðtÞ;

�
i 2 In=Im; ð2Þ
where pi 2 R; qi 2 R and ui 2 R denote, respectively, the position, velocity and control input of agent i; Im ¼ f1;2; . . . ;mg, cor-
respondingly, In=Im ¼ fmþ 1;mþ 2; . . . ;ng. The dynamics of the leader labeled as 0 is given as
_p0 ¼ 0; ð3Þ
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where p0 2 R denotes the position of the leader. The initial states of systems (1)–(2) are denoted as

pð0Þ ¼ ðp1ð0Þ; p2ð0Þ; . . . ; pnð0ÞÞT and qð0Þ ¼ ðqmþ1ð0Þ; qmþ2ð0Þ; . . . ; qnð0ÞÞT .
To analyze the probabilistic time delay hðtÞ, a Bernoulli distributed sequence is introduced to describe the occurring pro-

cess of time delay as
kðtÞ ¼ 1; if there no time delay hðtÞ;
0; if there exists hðtÞ;

�

where kðtÞ satisfies Prob kðtÞ ¼ 1f g ¼ E kðtÞf g ¼ ~k and Prob kðtÞ ¼ 0f g ¼ 1� E kðtÞf g ¼ 1� ~k with the constant ~k 2 ½0;1�. Mean-
while, the following assumption, definitions and lemmas are given for further analysis.

Assumption 1. 0 < hðtÞ 6 ~h for t P 0, where the constant ~h > 0.
Remark 1. Based on the probability distribution, probabilistic time delay is introduced, which is more practical in real sys-
tems. Moreover, the probabilistic time delay can also be modeled by a Markov process with two models [39,40].
Definition 1. [[15]] Mean-square leader-following consensus for systems (1)–(3) is said to be reached, if for any initial con-
ditions, there is
lim
t!1

EjjpiðtÞ � p0jj2 ¼ 0;8 i 2 In;

lim
t!1

EjjqiðtÞjj2 ¼ 0;8 i 2 In=Im:
Definition 2. [[15]] Mean-square leaderless consensus for systems (1)–(2) is said to be reached, if for any initial conditions,
there is
lim
t!1

EjjpiðtÞ � pjðtÞjj2 ¼ 0;8 i; j 2 In;

lim
t!1

EjjqiðtÞjj2 ¼ 0;8 i 2 In=Im:
Lemma 1 [41]. For a matrix W > 0 with dimension n and a differentiable vector function b : ½0;l� 2 Rn with the constant l > 0,
the following integral inequality holds
l
Z l

0
bTðvÞWbðvÞdv P

Z l

0
bðvÞdv

� �T

W
Z l

0
bðvÞdv

� �
:

Lemma 2. [[42]]For the symmetric matrix S ¼ S11 S12
S21 S22

� �
, where S11 and S22 are square matrices, then the matrix S < 0 is equiv-

alent to S22 < 0 and S11 � S12S
�1
22 S21 < 0, or S11 < 0 and S22 � S21S

�1
11 S12 < 0.
3. Main results

3.1. Leader-following consensus

For systems (1)–(3), design the distributed leader-following consensus protocol as follows
uiðtÞ¼
ð1�kðtÞÞk1

Xn
j¼1

wijðpjðt�hðtÞÞ�piðt�hðtÞÞÞþbiðp0�piðt�hðtÞÞÞ
 !

þkðtÞk1
Xn
j¼1

wijðpjðtÞ�piðtÞÞþbiðp0�piðtÞÞ
 !

; i2Im;

ð1�kðtÞÞ
Xn
j¼1

wijðpjðt�hðtÞÞ�piðt�hðtÞÞÞþbiðp0�piðt�hðtÞÞÞ
 !

þkðtÞ
Xn
j¼1

wijðpjðtÞ�piðtÞÞþbiðp0�piðtÞÞ
 !

�k2qiðtÞ; i2In=Im;

8>>>>><
>>>>>:

ð4Þ
where hðtÞ > 0 is probabilistic time delay as given in Section 2, the constants k1 > 0 and k2 > 0 are feedback gains.
Let rðtÞ ¼ ðp1ðtÞ � p0; . . . ; pmðtÞ � p0; pmþ1ðtÞ � p0; qmþ1ðtÞ; . . . ; pnðtÞ � p0; qnðtÞÞT , and
L ¼ Lff Lfs
Lsf Lss

� �
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with
Lff ¼
l11 � � � l1m

..

. � � � ..
.

lm1 � � � lmm

2
664

3
775; Lfs ¼

l1ðmþ1Þ � � � l1n

..

. � � � ..
.

lmðmþ1Þ � � � lmn

2
664

3
775;

Lsf ¼
lðmþ1Þ1 � � � lðmþ1Þm

..

. � � � ..
.

ln1 . . . lnm

2
664

3
775; Lss ¼

lðmþ1Þðmþ1Þ � � � lðmþ1Þn

..

. � � � ..
.

lnðmþ1Þ � � � lnn

2
664

3
775;
B ¼ diagfBf ;Bsg with Bf ¼ diag b1; b2; . . . ; bmf g and Bs ¼ diag bmþ1; bmþ2; . . . ; bnf g.
By combining (1)–(4), the error system of systems (1)–(3) can be written as
_rðtÞ ¼ ðU1 þ kðtÞU2ÞrðtÞ þ ð1� kðtÞÞU2rðt � hðtÞÞ; ð5Þ
where U1 ¼
0 0

0 In�m � 0 1
0 �k2

� �2
4

3
5, U2 ¼

�k1ðLff þ Bf Þ Lfs � �k1 0½ �
Lsf � 0

�1

� �
ðLss þ BsÞ � 0 0

�1 0

� �2
4

3
5.

Theorem 1. Let Assumption 1 hold, and let there be a spanning tree in graph �G with the leader being the root. Then under the

control protocol (4) and the directed topology with ~h > 0; k1 > 0; k2 > 0; ~k 2 ½0;1�, the mean-square leader-following consensus for
systems (1)–(3) with probabilistic time delay is reached, if there exist matrices G > 0 and E > 0 with proper dimension such that
K11 K12 ðU1 þ U2ÞTE
� K22 ð~k� 1ÞUT

2E

� � �~h�1E

2
64

3
75 < 0; ð6Þ
where K11 ¼ GðU1 þ U2Þ þ ðU1 þ U2ÞTG;K12 ¼ ð~k� 1ÞGU2 and K22 ¼ �~h�1E.
Proof. Construct the Lyapunov–Krasovskii function (LKF) as
VðrtÞ ¼ V1ðrtÞ þ V2ðrtÞ; ð7Þ

where
V1ðrtÞ ¼ rTðtÞGrðtÞ;

V2ðrtÞ ¼
Z t

t��h

Z t

s

_rTðvÞE_rðvÞdvds;
and the symbol rt is the short form of the function rðtÞ, the same as other similar symbols in the following. Define the
infinitesimal operator L of VðrtÞ as
LVðrtÞ ¼ lim
c!0þ

1
c

E½VðrtþcÞjrt� � VðrtÞf g; ð8Þ
Then along (5), similar to the derivation in [32] there is
LV1ðrtÞ ¼ 2rTðtÞG½ðU1 þ ~kU2ÞrðtÞ þ ð~k� 1ÞU2rðt � hðtÞÞ�
¼ 2rTðtÞG½ðU1 þ U2ÞrðtÞ þ ð~k� 1ÞU2

R t
t�hðtÞ _rðvÞdv �

¼ rTðtÞ½ðU1 þ U2ÞTGþ GðU1 þ U2Þ�rðtÞ þ 2ð~k� 1ÞrTðtÞGU2
R t
t�hðtÞ _rðvÞdv;

ð9Þ
and
LV2ðrtÞ ¼ ~h_rTðtÞE_rðtÞ � R t
t�~h

_rTðvÞE_rðvÞdv

¼ ~hgT ðU1 þ U2ÞT
ð~k� 1ÞUT

2

" #
E

ðU1 þ U2ÞT
ð~k� 1ÞUT

2

" #T
gðtÞ � R t

t�~h
_rTðvÞE_rðvÞdv;

ð10Þ
where gTðtÞ ¼ ½rTðtÞ; R t
t�hðtÞ _r

TðvÞdv �.
According to Lemma 1, one can obtain
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� R t
t�~h

_rTðvÞE_rðvÞdv 6 �~h�1
R t
t�~h

_rTðvÞdvE R t
t�~h

_rðvÞdv
6 �~h�1

R t
t�hðtÞ _r

TðvÞdvE R t
t�hðtÞ _rðvÞdv :

ð11Þ
Then by combining (9)–(11) and taking the expectation for LVðrtÞ there is
E LVðrtÞf g 6 EfgTðtÞKgðtÞg; ð12Þ
where K ¼
K11 K12

� K22

2
4

3
5þ ~h ðU1 þ U2ÞT

ð~k� 1ÞUT
2

� �
E ðU1 þ U2ÞT

ð~k� 1ÞUT
2

� �T
.

By Lemma 2, inequality (6) is equivalent to K < 0. If inequality (6) holds, E LVðrtÞf g < 0. Then one gets that the error
system (5) of systems (1)–(3) is mean-square stable, which implies that leader-following systems (1)–(3) achieve the mean-
square consensus. This completes the proof.
3.2. Leaderless consensus

For systems (1)–(2), design the following control protocol
uiðtÞ ¼
kðtÞk1

Xn
j¼1

wijðpjðtÞ � piðtÞÞ þ ð1� kðtÞÞk1
Xn
j¼1

wijðpjðt � hðtÞÞ � piðt � hðtÞÞÞ; i 2 Im;

kðtÞ
Xn
j¼1

wijðpjðtÞ � piðtÞÞ þ ð1� kðtÞÞ
Xn
j¼1

wijðpjðt � hðtÞÞ � piðt � hðtÞÞÞ � k2qiðtÞ; i 2 In=Im;

8>>>><
>>>>:

ð13Þ
where the constants k1 > 0 and k2 > 0 are feedback gains.
Let yðtÞ ¼ ðp1ðtÞ; p2ðtÞ; . . . ; pnðtÞ; qmþ1ðtÞ; qmþ2ðtÞ; . . . ; qnðtÞÞT . Then under the protocol (13), systems (1)–(2) are equivalently

written as
_yðtÞ ¼ ðP1 þ kðtÞP2ÞyðtÞ þ ð1� kðtÞÞP2yðt � hðtÞÞ; ð14Þ
where P1 ¼
0 0 0
0 0 In�m

0 0 �k2In�m

2
4

3
5, P2 ¼

�k1Lff �k1Lfs 0
0 0 0
�Lsf �Lss 0

2
4

3
5.

Denote zðtÞ ¼ ðp2ðtÞ � p1ðtÞ; p3ðtÞ � p1ðtÞ; . . . ; pnðtÞ � p1ðtÞ; qmþ1ðtÞ; qmþ2ðtÞ; . . . ; qnðtÞÞT , and
M ¼ �1n�1 In�1 0
0n�m 0 In�m

� �
; N ¼ 0T

2n�m�1

I2n�m�1

" #
:

Then there is
zðtÞ ¼ MyðtÞ;
yðtÞ ¼ p1ðtÞ

1n

0n�m

� �
þ NzðtÞ:

8<
: ð15Þ
Note that P1
1n

0n�m

� �
¼ 0 and P2

1n

0n�m

� �
¼ 0. Then the error system can be written as
_zðtÞ ¼ ðJ1 þ kðtÞJ2ÞzðtÞ þ ð1� kðtÞÞJ2zðt � hðtÞÞ; ð16Þ

where J1 ¼ MP1N; J2 ¼ MP2N.

Theorem 2. Let Assumption 1 hold, and let there be a spanning tree in graph G. Then under the control protocol (13) and the

directed topology with ~h > 0; k1 > 0; k2 > 0; ~k 2 ½0;1�, the mean-square leaderless consensus for systems (1)–(2) with probabilistic
time delay is reached, if there exist matrices G > 0 and E > 0 with proper dimension such that
v11 v12 ðJ1 þ J2ÞTE
� v22 ð~k� 1ÞJT2E
� � �~h�1E

2
664

3
775 < 0; ð17Þ
where v11 ¼ GðJ1 þ J2Þ þ ðJ1 þ J2ÞTG;v12 ¼ ð~k� 1ÞGJ2, and v22 ¼ �~h�1E.
Proof. Define the LKF as
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VðztÞ ¼ zTðtÞGzðtÞ þ
Z t

t�~h

Z t

s

_zTðvÞE _zðvÞdvds: ð18Þ
Then along (16) is
LVðztÞ 6 zTðtÞ½GðJ1 þ J2Þ þ ðJ1 þ J2ÞTG�zðtÞ þ 2ð~k� 1ÞzTðtÞGJ2
R t
t�hðtÞ _zðvÞdv

þ~h�gTðtÞ ðJ1 þ J2ÞT
ð~k� 1ÞJT2

" #
E

ðJ1 þ J2ÞT
ð~k� 1ÞJT2

" #T
�gðtÞ � ~h�1

R t
t�hðtÞ _z

TðvÞdvE R t
t�hðtÞ _zðvÞdv ;

ð19Þ
where �gTðtÞ ¼ ½zTðtÞ; R t
t�hðtÞ _z

TðvÞdv �.
Taking the expectation for (19) one can get
E LVðztÞf g 6 Ef�gTðtÞv�gðtÞg; ð20Þ
where v ¼ v11 v12
� v22

� �
þ ~h ðJ1 þ J2ÞT

ð~k� 1ÞJT2

� �
E ðJ1 þ J2ÞT

ð~k� 1ÞJT2

� �T
.

By Lemma 2, inequality (17) is equivalent to v < 0. If inequality (17) holds, E LVðztÞf g < 0. Hence one can obtain that the
error system (16) is mean-square stable. Then according to Definition 2, mean-square leaderless consensus for systems (1)–
(2) is reached. This completes the proof.

Let the switching signal rðtÞ : ½0;1Þ ! @ ¼ f1;2; . . . ;jg determine the network graph Gr ¼ ðV; Er;WrÞ, where @ is the
index set of network digraphs Gr, positive integer j is the number of digraphs in the switching topologies. Then under
switching topologies Gr;r 2 @, design the following consensus protocol
uiðtÞ ¼
kðtÞk1

Xn
j¼1

wr
ij ðpjðtÞ � piðtÞÞ þ ð1� kðtÞÞk1

Xn
j¼1

wr
ij ðpjðt � hðtÞÞ � piðt � hðtÞÞÞ; i 2 Im;

kðtÞ
Xn
j¼1

wr
ij ðpjðtÞ � piðtÞÞ þ ð1� kðtÞÞ

Xn
j¼1

wr
ij ðpjðt � hðtÞÞ � piðt � hðtÞÞÞ � k2qiðtÞ; i 2 In=Im;

8>>>><
>>>>:

ð21Þ
where the constants k1 > 0 and k2 > 0 are feedback gains.
By taking zðtÞ ¼ ðp2ðtÞ � p1ðtÞ; p3ðtÞ � p1ðtÞ; . . . ; pnðtÞ � p1ðtÞ; qmþ1ðtÞ; qmþ2ðtÞ; . . . ; qnðtÞÞT and the similar transformations as

(14)–(15), the error system is rewritten as
_zðtÞ ¼ ðJ1 þ kðtÞJr2 ÞzðtÞ þ ð1� kðtÞÞJr2zðt � hðtÞÞ; ð22Þ
where Jr2 ¼ MPr2N; P2 ¼
�k1L

r
ff �k1L

r
fs 0

0 0 0
�Lrsf �Lrss 0

2
4

3
5; Lrfs; Lrsf ; Lrss and Lr are defined similar to Lff ; Lfs; Lsf ; Lss and L with Lr being the

Laplacian matrix of Gr for r 2 @.

Theorem 3. Let Assumption 1 hold, and let there be a spanning tree in graph Gr;r 2 @. Then under the control protocol (21) and

the directed switching topologies with ~h > 0; k1 > 0; k2 > 0; ~k 2 ½0;1�, the mean-square leaderless consensus for systems (1)–(2)
with probabilistic time delay is reached, if there exist matrices G > 0 and E > 0 with proper dimension such that
@11 @12 ðJ1 þ Jr2 ÞTE
� @22 ð~k� 1ÞðJ2rÞTE
� � �~h�1E

2
664

3
775 < 0;r 2 @; ð23Þ
where @11 ¼ GðJ1 þ Jr2 Þ þ ðJ1 þ Jr2 ÞTG; @12 ¼ ð~k� 1ÞGJr2 , and @22 ¼ �~h�1E.
Proof. Define the LKF as
VðztÞ ¼ zTðtÞGzðtÞ þ
Z t

t�~h

Z t

s

_zTðvÞE _zðvÞdvds: ð24Þ
Then along (22) is
LVðztÞ 6 zTðtÞ½GðJ1 þ Jr2 Þ þ ðJ1 þ Jr2 ÞTG�zðtÞ þ 2ð~k� 1ÞzTðtÞGJr2
R t
t�hðtÞ _zðvÞdv

þ~h�gðtÞT ðJ1 þ Jr2 ÞT

ð�k� 1ÞðJ2rÞT
" #

E
ðJ1 þ Jr2 ÞT

ð~k� 1ÞðJ2rÞT
" #T

�gðtÞ � ~h�1
R t
t�hðtÞ _z

TðvÞdvE R t
t�hðtÞ _zðvÞdv;

ð25Þ
By taking the expectation for (25), one can get
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E LVðztÞf g 6 Ef�gTðtÞ@�gðtÞg; ð26Þ
where @ ¼ @11 @12

� @22

� �
þ ~h ðJ1 þ Jr2 ÞT

ð~k� 1ÞðJ2rÞT
" #

E ðJ1 þ Jr2 ÞT
ð~k� 1ÞðJ2rÞT
" #T

.

By Lemma 2, for any r 2 @, inequality (23) is equivalent to @ < 0. If inequality (23) holds, E LVðztÞf g < 0. Hence system
(22) is mean-square stable. Then from Definition 2, mean-square leaderless consensus for systems (1)–(2) is reached. This
completes the proof.
Remark 2. Similarly, one can also extend the consensus results in Theorem 1 to switching topologies. For the leader-
following systems over switching topologies, there should exist a spanning tree in each directed switching topology with
the leader being the root.
Remark 3. For simplicity, only one-dimensional systems are considered in the paper. However, the analysis is also valid for
high-dimensional systems, and the corresponding results can be obtained by using the properties of matrix Kronecker
product.
4. Simulations

For simplicity, suppose that the considered systems in Example 1–3 consist of six agents, which are denoted by node 1–6.
There, node 1 and node 2 denote the first-order agents, and nodes 3–6 denote the second-order agents. If there is a leader, it
is denoted by node 0. The initial states are given as p0 ¼ 40; pð0Þ ¼ ð�15;15;�20;20;�25;20ÞT ; qð0Þ ¼ ð30;10;�10;15ÞT and
the parameters ~k ¼ 0:3; k1 ¼ 1; k2 ¼ 2.

Example 1. Consider systems (1)–(3) over the directed topology �G as in Fig. 1. By Matlab calculating, the maximum

allowable ~h is obtained as 0:710 when the LMI (6) is solvable with
G ¼

158:0766 0:2950 0:6009 0:4375 0:3528 1:6231 0:4175 3:5101 �77:0481 40:8582
0:2950 0:5920 1:6442 1:0053 2:5567 1:6369 1:6490 1:2533 0:5250 0:5025
0:6009 1:6442 6:7741 3:2977 10:5175 5:7218 6:6974 4:2361 2:3039 1:6515
0:4375 1:0053 3:2977 2:0150 5:1560 3:2389 3:4137 2:3256 1:0881 0:8606
0:3528 2:5567 10:5175 5:1560 21:5665 9:2773 13:8222 5:8074 5:2828 2:1503
1:6231 1:6369 5:7218 3:2389 9:2773 7:6731 7:1872 6:7454 2:3642 2:8012
0:4175 1:6490 6:6974 3:4137 13:8222 7:18723 19:0290 5:2844 2:5077 �2:6361
3:5101 1:2533 4:2361 2:3256 5:8074 6:7454 5:2844 13:0670 4:4180 6:6106
�77:0481 0:5250 2:3039 1:0881 5:2828 2:3642 2:5077 4:4180 47:7280 �12:6749
40:8582 0:5025 1:6515 0:8606 2:15038 2:8012 �2:6361 6:6106 �12:6749 23:5474

2
6666666666666666664

3
7777777777777777775

;

E ¼

111:0929 0:1720 0:3177 0:2189 �1:1132 0:6134 0:7136 1:5297 �53:94769 0:9215
0:1720 0:2682 0:7962 0:4092 1:4428 0:7666 1:1376 0:6632 0:4139 0:2800
0:3177 0:7962 4:0644 1:5925 6:3948 2:8616 4:3238 2:2966 1:5073 0:9779
0:2189 0:4092 1:5925 0:8177 2:9709 1:5233 2:3376 1:2715 0:8546 0:5235
�1:1132 1:4428 6:3948 2:9709 14:0356 5:0641 9:4331 3:0989 4:0954 1:1434
0:6134 0:7666 2:8616 1:5233 5:0641 3:3353 4:4658 3:3761 1:8476 1:4742
0:7136 1:1376 4:3238 2:3376 9:4331 4:4658 11:6845 3:0447 2:6978 0:6651
1:5297 0:66327 2:2966 1:2715 3:0989 3:3761 3:0447 5:5039 2:6523 2:9848
�53:9476 0:4139 1:5073 0:8546 4:0954 1:8476 2:6978 2:6523 33:7278 1:2799
0:9215 0:2800 0:9779 0:5235 1:1434 1:4742 0:6651 2:9848 1:2799 2:3090

2
6666666666666666664

3
7777777777777777775

:

To save space, the solution matrices are omitted in the following simulations. Let the time delay hðtÞ ¼ 0:6þ 0:11 sin t.
Then under the control protocol (4), the position trajectories piðtÞ and the velocity trajectories qiðtÞ are given in Figs. 2
and 3, which show that all positions converge to that of the leader and the velocities converge to zero. Furthermore, more

information between the maximum allowable ~h and 1� ~k is given in Table 1, from which one can find that the maximum

allowable ~h increases as the occurrence possibility 1� ~k of the time delay decreases, which verifies the effectiveness and fea-
sibility of the results.



Fig. 1. Network graph �G of the leader-following systems.

Fig. 2. Position trajectories of all agents.

Fig. 3. Velocity trajectories of second-order agents.
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Example 2. Consider the leaderless systems (1)–(2) over the directed topology G1 as in Fig. 4. By Matlab calculating, the

maximum allowable ~h is obtained as 0:545 when the LMI (17) is feasible, which is larger than 0:369 given in [31]. Let the
time delay hðtÞ ¼ 0:4þ 0:14 sin t. Then under the control protocol (13), the position trajectories piðtÞ and the velocity
trajectories qiðtÞ are given in Figs. 5 and 6, which show that all positions converge together and the velocities converge to
zero.



Table 1
maximum allowable ~h for different 1� ~k.

1� ~k 0.9 0.7 0.5 0.3 0.1

~h 0.542 0.710 0.994 1.656 4.970

Fig. 4. Network graphs G1 and G2 of the leaderless systems.

Fig. 5. Position trajectories of all agents.

Fig. 6. Velocity trajectories of second-order agents.
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Example 3. Consider systems (1)–(2) over the directed switching network graphs G1 and G2 as in Fig. 4. By calculations

according to Matlab, we obtain that the LMI (23) is feasible for 0 < ~h 6 0:476. Choose hðtÞ ¼ 0:3þ 0:17 sin t. Then under
the protocol (21), Figs. 7 and 8 show the achievement of the consensus for systems (1)–(2).
Example 4. Note that the established LMIs get bigger as the number of agents grows, this example includes more agents.
Consider systems (1)–(2) over the directed topology G3 as in Fig. 9, where nodes 1–5 denote the first-order agents, and nodes
6–14 the second-order agents. Choose the initial states as pð0Þ ¼ ð�15;15;�50;�25;20;30;10;�10;15;�25;
30;�20;30;10ÞT ; qð0Þ ¼ ð20;40;�40;30;�30;�10;�20;40;30ÞT and ~k; k1; k2 the same as above. By Matlab calculating, the

maximum allowable ~h is obtained as 0:354 when the LMI (17) is feasible. Let hðtÞ ¼ 0:2þ 0:15 sin t. Then under the protocol
(13), Figs. 10 and 11 show the achievement of the consensus for systems (1)–(2).
Remark 4. It should be pointed out that the feasibility of the matrix inequalities (6), (17) and (23) is relative to the upper
bound and the probability distribution of the time delay. From Table 1, one can find that a larger upper bound could be
obtained as the occurrence possibility of the time delay decreases. In Example 2, compared to [31], a larger upper bound
of time delay is obtained. Besides, when kðtÞ ¼ 0 always holds, the results in this work are reduced to traditional delay-
dependent consensus problem; when kðtÞ ¼ 1 always holds, the results are reduced to traditional delay-less consensus prob-
lem. Hence, the obtained results in this paper are more general in comparison with [30,31].
Fig. 7. Position trajectories of all agents.

Fig. 8. Velocity trajectories of second-order agents.



Fig. 9. Network graph G3 of the leaderless systems.

Fig. 10. Position trajectories of all agents.
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Fig. 11. Velocity trajectories of second-order agents.
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Remark 5. It is worth mentioning that the computational complexity of the LMIs indeed grows when the number of agents
increases. Fortunately, by adopting the Matlab LMI toolbox, which can be applied to check the feasibility of a LMI, generally,
the LMI can be easily solved in a certain time because of the powerful computing capabilities of the computer server and
Matlab software.
5. Conclusions

This paper investigates the mean-square consensus problem for heterogeneous MASs with probabilistic time delay. Based
on the probability distribution, control theory, and stochastic analysis, some control protocols for the heterogeneous MASs
with and without a leader are designed and analysed, and the delay-dependent conditions ensuring the required mean-
square consensus are given. Moreover, the larger upper bounds of time delay are obtained by adopting the method in the
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work. However, the considered leader in this work is static. Due to the complexity of the heterogeneous MASs, a dynamic
leader is hard to be treated. In addition, the system over the jointly connected topology, which is more useful in practice,
has not been considered. The related problem will be studied in the future work.
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